The dispersion properties of rod-type chirped photonic crystals (PhCs) and non-channeled transmission in the direction of the variation of structural parameters from one cell of such a PhC to another are studied. Two types of configurations that enable multiple slow waves but differ in the utilized chirping scheme are compared. It is demonstrated that the multiple, nearly flat bands with a group index of refraction exceeding 180 can be obtained. For these bands, transmission is characterized by multiple narrow peaks of perfect transmission, strong field enhancement inside the slab, and large values of the Q-factor. Among the bands, there are some that show negative phase velocity. Symmetry with respect to the slab mid-plane must be kept in order to obtain constructive interferences that are necessary for reflection-free transmission. It is shown that 15 and more slow wave bands can be obtained in one configuration. The corresponding transmission peaks are well separated from each other, being the only significant feature of the transmission spectrum, while the Q-factor can exceed 10 5 . The observed features are preserved in a wide range of the incidence angle variation. They can be used for tuning the locations and spectral widths of the transmission peaks. Some comparisons with the chirped multilayer structures have been carried out.
Introduction
Electromagnetic waves with a small group velocity and a large group index of refraction are known to appear in various optical and microwave structures [1] [2] [3] [4] [5] . The simplest among them represents a high-index homogeneous medium. However, a proper material might be difficult to find especially at optical frequencies. The use of periodic structures such as photonic crystals (PhCs) and metastructures look promising from the point of view of overcoming these difficulties. Different features and manifestations of slow light in one-and twodimensional PhCs with [2, 4, 6, 7] and without [1, 3, [8] [9] [10] defects have been studied. The interest in slow-wave regimes in these structures has been stimulated by the possible applications, such as buffers for the time-domain processing of optical signals and the compression of optical energy. In particular, group indices ranging from 20 g n  to 100 are typical for defect mode waveguides working near the band edge [2] . Large values of n g can also be obtained when an electromagnetic wave propagates through a one-dimensional PhC with defects (i.e., in the direction perpendicular to the layers including defect sites), which work as the coupled Fabry-Perot cavities [3] . Other coupled resonator structures, e.g., those based on microring resonators and coupled point defects in two-dimensional PhCs have also been considered in the context of slow light and buffering [3] . Moreover, slow-wave phenomena have been found in some types of one-dimensional PhCs without defects (e.g., frozen modes) [1, 9] . Strong field localization is often associated with small group velocity and, thus, with large values of g n in defect [4, 6] and slot [7] PhC waveguides. At the same time, slow waves enable high-Q regimes [11, 12] . For instance, the possibility of obtaining 7 
10
Q  in the nanocavity created in the defect mode waveguide has been demonstrated. Anderson localization and disorder relevant high-Q regimes should be mentioned [13, 14] in order to illustrate that slow waves may appear in various structures and physical situations.
Transmission through the slow-wave structures that represent finite slabs of conventional two-dimensional PhCs without defects ( 20 g n  ) is characterized at an inclined incidence of a plane electromagnetic wave (angle of incidence 0   ) by multiple peaks of perfect transmission, which are well separated from each other [10] . This type of behavior has also been observed in two-dimensional PhCs with a single wide defect at 0   [15] and multiple narrow defects at an oblique incidence [16] . It enables multiple band tunable filters. The symmetry of a slab with respect to the mid-plane can lead to the constructive Fabry-Perot type interferences and, therefore, to the perfect transmission at the defect mode relevant peaks. In fact, such defect modes are also associated with slow light, because they typically show a quite flat dispersion. On the other hand, strong field enhancement also occurs inside the slabs of defect-free PhCs where 6 10 Q  can be achieved [10] . In fact, the connection between the large values of g n , strong field localization, and large Q values is evident, regardless of whether the slab contains structural defects or not. Large values of g n (e.g., 20 g n  ) can also be obtained in the slabs of PhC with the properly designed interface layers of the rods [17] . Achieving multiple narrow bands for such a slab usually requires a rather large total thickness. At the same time, attempts to decrease it again lead to the necessity of utilizing high-index materials, which are placed now within defect(s). Thus, an efficient route to compact performances for multiband slow-wave operation is very important for practical purposes. Regarding this, one should mention the recently suggested metamaterials with multiple slow-wave bands [18] . In addition, multiple slow waves have been demonstrated in the PhC defect mode waveguides. Their dispersion shows the oscillatory behavior inside the band, while g n can reach several tens [19] . PhCs with the structural parameters of the unit cells that varied gradually from one cell to the neighboring ones are known as chirped PhCs [20] . Generally speaking, various chirped structures, which are in some sense intermediate between periodic and disordered ones, have a rich potential in obtaining the desired dispersion, transmission, and scattering properties. For example, the potential of gradual variation of material characteristics in the design of complex photonic structures has recently been demonstrated in the framework of the Transformation Optics approach [21] [22] [23] . A large class of the graded-index PhCs has been studied with the emphasis placed on propagation in the direction perpendicular to that of the variation of structural parameters, e.g., for focusing and coupler applications [24] [25] [26] . Chirped PhCs have also been proposed for efficient spatial filtering [27] . Chirping walls of the defect mode waveguide in a two-dimensional PhC has been used in a group delay device with group velocities less than 100 c [28] . In this paper, we show that a properly designed slab of chirped PhCs can enable an extremely large number of flat bands that are characterized by large g n and cause multiple narrow peaks of perfect transmission at a reasonable total thickness, leading to quite compact performances. The studied chirped PhCs are different than those usually studied, e.g., see [21] [22] [23] [24] [25] [26] . In particular, the present PhCs are symmetric with respect to the mid-plane, while the focus here is on propagation in the direction of the variation of structural parameters. At the same time, the suggested PhCs utilize conventional dielectrics and do not require any exotic material properties. Two approaches to chirping will be compared from the multiple slow wave perspective. In one of the approaches, the distance between the rods is varied from one pair of the rods to another, while the rod diameter is changed from one PhC cell to another in the second approach. The resulting configurations may combine the dispersion and transmission properties of a conventional defect-free PhC at lower frequencies with unusual slow-wave properties at higher frequencies. Slow waves with 180 g n  at the middle of the band and much larger g n at the edges of a narrow, nearly flat band will be demonstrated.
Such bands may show either positive or negative slope that yields either positive or negative refraction. It will be shown that 5 
Q  can be obtained, whereas the locations of the transmission peaks can be tuned by varying θ. The possible effects of diffraction will also be considered. Non-channeled transmission is studied here in the plane-wave framework that provides some flexibility for the actual input and exit beams. Moreover, the non-oscillatory behavior of an entire slow-wave band and multiple peaks of perfect transmission, which are well separated from each other, are typical for the suggested structures. To calculate the band and dispersion diagrams, Plane Wave Expansion Method has been utilized. Transmission has been calculated by using an integral equation technique [29] .
Geometry, dispersion, and nearly flat bands
The general geometry of finite-thickness chirped PhCs of two types, which are studied in this paper, is shown in Fig. 1 . They are composed of dielectric rods that are assumed to be infinitely long. The resulting structures have a finite thickness in the y-direction but are infinitely extended and periodic in the x-direction. Thus, they may be considered as gratings. However, although the regimes with the propagating higher diffraction orders will also be considered in this paper, our main interest is related to the transmission regimes that are free of diffractions. A structure is assumed to be illuminated by the s-polarized plane wave with an electric field vector that is parallel to the rod axes, so that the normal incidence ( 0   ) is along the y axis (transverse transmission). In order to better connect to our previous work and explain the chirped PhC composition, we first took a slab of the uniform, i.e., defect-free, square-lattice dielectric PhC with the rod-diameter-to-lattice-constant ratio 0.4 da and number of the rod layers 11 N  , see [10, 30] . It is referred to as the benchmark PhC.
To obtain configuration A, as shown in Fig. 1(a) , we placed the rods at . High-efficiency transmission arises due to the multiple reflections inside the slab of the chirped PhC. On the other hand, complete reflection or suppression of transmission peaks is due to destructive interference from each cell that has a different dielectric filling factor. In our study, the value of a typically does not exceed one free-space wavelength. The rods are assumed to be made of lossless dielectrics, so that dimensionless variables are used. Note that configuration A is similar to those studied in [24] [25] [26] , but in contrast to them, propagation in the direction of variation of structural parameters from one cell of PhC to another will be studied here. In turn, configuration B, which was studied in this work, somehow resembles the disk grating in [31] . However, materials (dielectric vs. metallic), geometry of individual components (rods vs. disks) and ultimate goals (slow light vs. beam switching) are totally different. It is noteworthy that the slab in [31] has been obtained by taking finite thickness in the direction perpendicular to that of structural parameters variation. This results, in particular, in that higher diffraction orders begin to contribute at substantially smaller frequencies. Next, dispersion has been calculated by using the supercell approach and the plane-wave expansion technique. The band diagrams for configurations A and B are presented in Fig. 2 values of g n . These bands look similar to those corresponding to the defect modes arising in the conventional uniform PhCs, say, with a square lattice and a single wide defect or multiple narrow defects [15, 16] . However, for 3 ka  the observed bands again show a significant slope for configuration A, but are still flat for configuration B. As a result, an unusually large number of the slow waves can be obtained in the latter case. If one only needs two or three such bands, either PhCs with defects like those in [15, 16] or configurations A and B at 3 ka  can be utilized.
Phase and group indices of refraction, One can see that configuration B enables not only a larger number of the nearly flat bands, but also larger values of min g n for these bands. However, the dispersion results themselves do not give an idea of which of these modes can be efficiently coupled, say, at normal incidence. Thus, the transmission results are required.
Transverse transmission
In this section, we demonstrate the typical features of transmission that are connected with multiple flat bands. The range of ka variation is chosen so that it includes the bands shown in red lines in Fig. 2 . An example of transmittance (T) vs. ka is shown in Fig. 5 . The multiple peaks of 1 T  are observed. They correspond to perfect (reflection-free) transmission and, as desired, are well separated from each other. It is noteworthy that there are no other bands except for the flat ones in the ka-range, where flat bands are located. Hence, the connection between slow waves and multiple peaks of T is evident. Accordingly, multiple stop bands appear between the peaks in Fig. 5 . The alternating peaks and stop bands observed for configuration A in Fig. 5(a) are similar to those in the uniform PhCs with either several narrow line defects [16] or a single wide line defect [15] , which are parallel to the interfaces. A comparison with the dispersion results also supports this analogy, because the dispersion of defect modes for the considered propagation direction is also nearly flat in these structures, too. However, the number of the peaks in our case can be substantially larger. Note that the ka-range, where narrow perfect-transmission peaks are observed in Fig. 5(a) , coincides well with the lowest stop band of the benchmark uniform PhC (not shown), in which defect mode relevant peaks can appear if defects are properly introduced. Moreover, for 1.5 ka  and 3.4 ka  transmittance behavior for configuration A in Fig. 5(a) is similar to that of a uniform defect-free PhC with multiple wide bands. The mentioned ka-ranges correspond to the bands shown in blue and green lines in Fig. 2(a) .
Transmittance for configuration B in Fig. 5(b) is similar to that of the corresponding uniform PhC only at 1.5 ka  , see the bands shown in blue lines in Fig. 2(b) . At larger ka, narrow peaks dominate over other transmission features, see the bands shown in red lines in Fig. 2(b) . In fact, transmittance in Figs. 5(b) and 5(c) might appear for a finite-thickness slab of hypothetic uniform PhC with an extremely wide stop band and a very wide, centered line defect. In the considered structures, this type of behavior does not need a wide line defect. On the other hand, the observed transmission features could appear in homogeneous slabs of a dielectric material with exotic properties. In our case, conventional dielectric materials are only required, see Fig. 1 , Eq. (3) and discussion in [10] . The detected differences between configurations A and B remain in wide ranges of the variation in da and r  . The obtained results show that the chirping based on the variation of the rod diameter might be preferable when multiple slow waves and related narrow peaks of perfect transmission are desirable. In Fig. 5(a) , one can only see three consequent peaks of 1 T  , which are well separated from each other. Indeed, in Fig. 5(b ka  . Thus, there are 10 sole peaks plus the twinned peaks. In the case shown in Fig. 5(c) , the total number of the well separated peaks at 1. Attempts to obtain multiple and well separated peaks of 1 T  in slabs of chirped PhCs with a smaller thickness than in Fig. 1 have not yet been successful. For example, taking 5 N  or 7 N  , i.e., removing some layers of the rods from the near-interface subregions of the original configurations in Fig. 1, for In order to better illustrate the most typical features of transmission, Fig. 6 presents two fragments of the dependence of T on ka for configuration B from Fig. 5(b) . The same behavior is observed within both subranges of ka variation. They are located rather far from each other but still can be assigned to the same wide ka-range, for which multiple narrow peaks of 1 T  represent the main feature of transmission. Compared to the defect-mode like narrow transmission peaks studied in [10] for the slab of a square-lattice dielectric PhC at intermediate θ, the peaks of 1 T  in Fig. 6 look similar but may occupy a much wider spectral range. Furthermore, they are obtained here at 0   . In contrast to [10] , where all of the narrow peaks are connected with the same Floquet-Bloch mode, multiple peaks of T in Figs. 5 and 6 correspond to multiple modes with a nearly flat dispersion. [19] , the non-oscillatory behavior of an entire slow-wave band and multiple peaks of perfect transmission, which are well separated from each other, are typical features of the suggested structures.
Field confinement and high-Q regimes
High-Q modes in PhC based structures are often associated with strong field confinement in defect-mode waveguides. If a slow wave appears due to a nearly flat narrow band, as in Fig.  2 , field confinement may appear in the entire slab of PhC. In other words, the field can be strongly enhanced compared to the surrounding low-index host medium. In fact, band flatness corresponds to the large values of g n and forces the transmission to be narrowband, at least if the band is well separated from its neighbors. In turn, narrow transmission peaks are associated with high-Q regimes. On the other hand, the large values of Q generally indicate strong field enhancement within certain regions that are connected with wave slowness. This is true for the structures with and without defects. Some details of the above-mentioned connections between different characteristics have been studied for various PhC based structures, e.g., see [4, 6, 7, [10] [11] [12] 15] . In this section, we investigate which confinement 4.5 10  , respectively. In all of these cases, the peaks are well separated from their neighbors (not shown), which appear due to similar but not the same modes. One can obtain larger values of Q-factor than in Fig. 8 , by adjusting the PhC parameters and/or θ value. Furthermore, this can also be done for the smaller values of r  than in Fig. 8 .
T as a function of ka is presented in Fig. 9 for three selected cases, at the same geometrical parameters of the slab of PhC as in Fig. 6 but at the different values of either r  or θ. Q-factor is equal to can easily be obtained in the studied configurations, for both normal and inclined incidence.  is obtained for the studied chirped PhCs. Thus, the analogy between the considered structures, on the one hand, and uniform PhCs with defects and homogeneous slabs, on the other hand, manifests itself also in sensitivity to tilting [15, 16] . It is often considered as the simplest tool to tune the widths and locations of the transmission peaks. Now let us check whether and how similar the features are, which are connected with variations in  , for configuration A. T vs. ka is presented in Fig. 10 for three selected high-Q regimes at the same parameters as in Figs. 5(a) and 7(c) . Here, Q-factor is equal to , and (c), respectively. The basic features are similar for both of the used chirping schemes. One may expect that similar performances based on other chirping schemes, e.g., those comprising rods of the same diameter but different permittivity can also be utilized. However, symmetry with respect to the mid-plane must be kept in order to obtain constructive interferences leading to the perfect transmission. For smaller values of N, e.g., 5 N  , 3 
10
Q  has been obtained in configurations similar to A and B for some of the maxima of 1 T  (but not for multiple maxima) with the well pronounced stop bands in between. To compare, the multiple narrow transmission peaks and large values of Q that are relevant to strong light confinement have been observed previously in circular photonic crystals, which represent another class of the defect-free rod-type structures [33] .
As mentioned above, sharp transmission peaks should correspond to strong field enhancement inside the slab of PhC, which is connected with the wave slowness. Four examples of the electric field distribution at the peaks of 1 T  , within one grating period, i.e., at 0 xa  and 0 yD  , 11 Da  (see Fig. 1 ) are shown in Fig. 11 . It can be seen that the field inside the slab can be much stronger than that of the incident wave, whose magnitude is assumed to be unity. However, in contrast to the uniform PhCs with defect(s), the regions of field enhancement are large and cannot be predicted a priori based only on the Fig. 11 , one can see that various field distributions are possible, which may differ in the location of the subregions of the strongest enhancement inside the slab and the maximal enhancement ratio. Figure 11 is expected to illustrate all of the basic features of the field, even though the accuracy of these results could further be improved. The regimes with higher diffraction orders that might propagate in the incidence and exit air half-spaces have not been considered up to now. Thus, one may expect that similar behavior of transmission as in Figs. 4-10 can be obtained in chirped one-dimensional multilayer structures. Two examples are presented in Fig. 12 . Here, two commonly used optical materials, Si and SiO 2 , have been chosen to create multilayer structures. The thicknesses of the individual layers gradually vary from the middle of the slabs toward the interfaces. Clearly, another combination of the materials, e.g., Al 2 O 3 and air, could be used for direct comparison with the above considered two-dimensional chirped PhCs. The spatial inversion symmetry is assumed to be preserved. Although the considered structures are laterally homogeneous, the units of ka are still used in order to enable a better comparison with the results presented above for the two-dimensional rod-type structures.
The dependencies of T on ka in Fig. 12 demonstrate the possibility of obtaining multiple narrow peaks of 1 T  , which are well separated from each other. One can see in Fig. 12(d) that at least seven well separated peaks can be obtained. However, such high values of the Qfactor as those reported above for the two-dimensional PhCs have not been obtained. For example, 3 2.6 10 Q  for the narrowest among the three peaks of T arising in the vicinity of 5 ka  in Fig. 12(b) . The peaks shown in Fig. 12(d 3 10  for some of them. At the same time, a single peak of T (not shown) has been observed in the vicinity of 3.5 ka  for the structure in Fig. 12(c) . At smaller values of ka, dependence of T on ka looks similarly to that for uniform PhCs, i.e., it represents rather wide alternating pass and stop bands.
Effect of higher diffraction orders
Let us briefly consider transmission through the slab of a chirped PhC when at least one of the higher diffraction orders is propagating in the incidence and exit air regions and, thus, may contribute to transmission. Multiple maxima of T also appear in this regime. However, they are not so well pronounced as in the case of the diffraction free regimes that are studied in Sections 3 and 4. Zero ( 0 t ) and first negative ( 1 t  ) order transmittances are shown in Fig.  13 at the two typical maxima of 01 T t t   , for configuration B. One can see that the roles of the orders 0 m  and 1 m  can be different. Playing an auxiliary role in Fig. 13(b) , the order 1 m  provides the main contribution to T at the maximum in Fig. 13(a) . This occurs in spite of the fact that these two maxima are located quite close to each other. Note that similar differences have been observed for the slabs of uniform two-dimensional PhCs with defects, e.g., see Figs. 6-8 in [16]   is assumed to be measured in the counter-clockwise direction from the normal to the exit interface for transmission and θ is measured from the normal to the illuminated interface for incidence. For the maximum in Fig. 13(a) as a function of ka, at the maxima of T for configuration A. Similarly to Fig. 13 , there are maxima of T with the main contribution coming from the zero order as in Figs. 14(a) and 14(c) and the first negative order as in Fig.  14(b) . Furthermore, the order 1 m  may be the main contributor to T for both neighboring maxima, see Fig. 14(b) . The use of multiple maxima, to which higher orders may contribute, gives an additional degree of freedom regarding the directions of the outgoing waves.
Conclusions
To summarize, multiple slow waves, relevant multiple peaks of perfect transmission, which are well separated from each other, and high-Q regimes can be obtained for non-channeled transmission through the slabs of chirped PhCs, in the direction of varying structural parameters from one unit cell to another. All of the basic transmission and dispersion features that are known for the uniform (non-chirped) PhCs with defects, which are perpendicular to the propagation direction and, therefore, do not work as defect-mode waveguides, can be obtained in the suggested chirped structures. In addition, some regimes in uniform PhCs without defects can be replicated. The obtained results indicate a route to quite compact performances, which may be interesting for applications requiring a large number of narrow transmission bands. It has been shown that the chirping scheme based on the gradual variation of the rod diameter can yield a larger number of the slow waves in a fixed frequency range. In turn, the scheme based on the gradual variation of the distance between the neighboring rods, which are identical to each other, is expected to enable larger Q-values. have been demonstrated but even larger Q-values might be obtained based on the same or similar schemes. Performance enhancement will be the subject of one of our future studies. It is noteworthy that the route to multiple slow waves and relevant multiband perfect transmission is expected to be rather general. It should not necessarily require the use of one of the two chirping schemes that have been considered in this paper.
